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Abstract
A three-state continuous-time semi-Markov process is used to model the degradation of an industrial
equipment. The transition times are assumed Weibull-distributed and influenced by a set of covariates. A
Weibull Regression Model is developed within the Bayesian probability framework, to account for the
influence of these covariates and estimate the model parameters with the related uncertainty, on the basis
of few data and expert judgment. The number of covariates is reduced by a two-step selection procedure
derived from the condition monitoring engineering practice. The developed model enables estimating
reliability and time-dependent state probabilities for a component degrading in given operational and
ambient conditions, represented by a vector of covariates. The model is illustrated by way of a real case study
concerning the degradation process affecting diaphragm valves used in the biopharmaceutical industry.
Key words: Multi-state degradation modelling, Weibull Regressions model, Variable selection, Bayesian
inference, MCMC algorithms

1 Introduction
Maintenance operators are familiar with the practice of classifying the component degradation into multiple
discrete states, based on their mapping with suitable degradation indicator variables (e.g., [1], [2], [3], [4]).
This justifies the interest in developing multi-state degradation models, whose parameters can be estimated
from the field data gathered by the maintenance operators. These models allow tracking the evolution of the
component degradation processes through progressive states of deterioration better than the traditional
binary-state reliability models, where only two states (‘good’ vs. ‘failed’) are considered.
A difficulty to be considered is that the operational and ambient conditions (e.g., physical stresses, workload
levels, environmental conditions, etc.) can influence the evolution of the degradation processes. Thus, the
multi-state degradation modeling approaches need to encode the influencing factors. To this aim, different
approaches have been proposed in the literature (e.g., [5], [6], [7], [8]), including the Proportional Hazard
Models (PHMs, [9], [10]). These are semi-parametric models considering a baseline hazard function to
describe the evolution of the degradation process in normal conditions and, then, introducing multiplicative
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factors to consider the effects of covariates. We use the Weibull distribution as baseline distribution, which
turns the PHM into a parametric model. This is referred to as Weibull Regression Model (WRM, [11]).
Although parametric models need less data than semi-parametric models for parameters estimation, the
development of a WRM may, however, require a non-negligible amount of data: the larger the number of
covariates, the larger the number of parameters appearing in the WRM model and, thus, the larger the
amount of data required to tune the model ([11]). The aim of this work is to use the Bayesian probability
framework to extend the applicability of WRM to situations where data are relatively scarce and, then, expert
opinion becomes a valuable source of information for developing the degradation model. These situations
are quite common in industrial practice (e.g., innovative and/or very high reliable components, with new
technology, etc.). Nonetheless only a few sound methodological framework have been proposed for
reliability modelling, in quite specific conditions (e.g.; [2], [12], [13]).
To reduce the number of parameters in the Bayesian WRM, several approaches can be applied (e.g., [14],
[15]). According to the condition monitoring engineering practice (e.g., [16], [17], [18]), we develop a twostep covariate selection approach. First, a preliminary, unrefined selection is performed based on the ordinal
logistic regression technique [19]. The set of selected covariates is, then, further reduced adopting the Log
Pseudo-Marginal Likelihood (LPML) technique [20]. Finally, the WRM with the selected covariates and with
the posterior distribution of its parameters estimated by an adaptive Markov Chain Monte Carlo (MCMC)
algorithm, is used to compute the expected probabilities of occupying the degradation states over time for
new components along with pointwise credibility intervals. This is a useful information to plan maintenance
inspections.
The proposed methodological framework builds on that illustrated in [21], where a Bayesian three-state
semi-Markovian model is developed to describe the component degradation process. Driven by the available
knowledge base, the assumption of the model in [21] is that the components work under the same
operational conditions.
In this work, we use the results of the procedure for the elicitation of the Weibull parameters proposed in
[21]. Yet, the application example investigated in this work to show the methodology is the same of that
proposed in [21], concerning the degradation of the Ethylene Propylene Diene Monomer (EPDM, i.e., a
rubber diaphragm employed in the production line of a world leading company in that field), although it is
here analyzed based on a different knowledge base, in which a set of degradation process covariates is
available. This enhancement constitutes the contribution of the present work: a full-fledged development
framework is proposed for building a semi-Markov degradation model based on expert knowledge and few
field data, including covariates candidate to enter the model, from which the most influential have to be
selected.
The remainder of the paper is organized as follows. Section 2 outlines the assumptions at the basis of the
developed model, which are further formalized in Section 3. Section 4 describes the two-step covariates
selection method. In Section 5, the developed theoretical framework is finally applied to the EDPM
diaphragm case study to i) select the covariates that most influence the degradation process, and ii) to derive
reliability estimates of these components in different operational conditions. Final remarks are drawn in
Section 5.
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2 Problem Setting
The problem setting outlined in this Section conceptualizes the characteristics of the case study considered
in this paper, concerning EDPM diaphragms used in the biopharmaceutical industry. We consider a threestate degradation process (Figure 1), where:
➢ State 1 refers to a new or mildly degraded component;
➢ State 2 refers to a fairly degraded component;
➢ State 3 refers to a heavily degraded component;
It is assumed that direct transitions from state 1 to state 3 are not possible, which is typical of degradation
processes caused by a cumulative damage, and that the degradation process is influenced by a set of Φ
covariates. Multiple identical components of the same type and taken from the same production lot are
operated in the plant, in different locations and under different covariate settings. Destructive inspections
are performed on the components when inspected, which are then replaced by new components.
The objective of the work is to develop a degradation model of the individual component. The information
available is made by field data collected from all the plant and expert opinions. With respect to field data, a
dataset (𝒓 ∈ ℝ𝑁 , 𝒅 ∈ ℝ𝑁 , 𝑿′ ∈ ℝ𝑁×Φ ) = {(𝑟𝑛 , 𝑑𝑛 , 𝒙′𝑛 )}𝑛=1,…,𝑁 is available, containing 𝑁 observations.
Given that components are always replaced upon the destructive inspection, every record of the dataset
refers to a different component and, thus, the dataset refers to N components. The generic 𝑛-th record
reports the degradation state 𝑑𝑛 in which the 𝑛-th component was found at the replacement time 𝑟𝑛 (i.e.,
the time interval between installation and replacement) and the corresponding vector 𝒙′𝑛 =
(𝑥′𝑛1 , … , 𝑥′𝑛Φ ) ∈ ℝΦ of the values of the Φ covariates initially available.

𝑇1

𝑇2

Figure 1. Three-state model of the degradation process

The expert opinion about the degradation process concern the transition times between states 1 and 2 and
states 2 and 3, whereas the experts give no information about either the effect of the covariates on the
degradation process, or their relative importance in influencing the transition times.

3 Model development
As baseline model (i.e., the model describing the behavior of a component associated to a null vector of
covariates), we assume that the first transition time obeys a Weibull distribution (e.g., [3], [21], [22])
conditional on the random parameters 𝛼1 (scale) and 𝛽1 (shape), and the second transition time 𝑇2 to be
Weibull distributed conditional on the correspondent random parameters 𝛼2 and 𝛽2 , viz.:
𝑇 |(𝛼 , 𝛽 , 𝒙 = 𝟎)~𝑊𝑒𝑖𝑏𝑢𝑙𝑙(𝛼1 , 𝛽1 )
{ 1 1 1
𝑇2 |(𝛼2 , 𝛽2 , 𝒙 = 𝟎)~𝑊𝑒𝑖𝑏𝑢𝑙𝑙(𝛼2 , 𝛽2 )

(1)

where 𝒙 ∈ ℝ𝑝 is the value of the vector of the 𝑝 covariates identified as the influencing factors out of the
available Φ (i.e., the covariates selected from the two-step procedure described in Section 3) to be encoded
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in the analysis. For clarity, we explicitly mention that we develop the Bayesian degradation model assuming
that the selection of the most influential covariates has already been performed.
The stochastic transition times from states 1 to 2 and from states 2 to 3 of the 𝑛𝑡ℎ component, 𝑛 = 1, … , 𝑁,
are considered as independent random variables conditional on parameters 𝛼1 , 𝛽1 , 𝛼2 , 𝛽2 and the vector of
covariates 𝒙 . Obviously, if the 𝑛𝑡ℎ component is found in degradation state 𝑑𝑛 = 1, then it has not
experienced the first nor the second transitions. This means that the replacement time 𝑟𝑛 has worked like a
censoring time, preventing the component from reaching states 2 and 3. In this respect, we assume that the
random replacement time, 𝑟𝑛 , is conditional independent from both the transition times, given 𝒙𝑛 , and that
the parameters governing the distribution of 𝑟𝑛 are different from those governing the distribution of 𝑇1 and
𝑇2 . This ensures that the censoring mechanism is independent and non-informative with respect to the
degradation process.
The WRM formulation in [9], which is here adopted for both the transition times 𝑇1 and 𝑇2 of the 𝑁
considered components, reads:

{

ℎ(𝑡1 |𝛼1 , 𝛽1 , 𝜸, 𝒙) = 𝑒 𝒙𝜸 ℎ(𝑡1 |𝛼1 , 𝛽1 , 𝒙 = 𝟎)
ℎ(𝑡2 |𝛼2 , 𝛽2 , 𝜸, 𝒙) = 𝑒 𝒙𝜸 ℎ(𝑡2 |𝛼2 , 𝛽2 , 𝒙 = 𝟎)

𝛽𝑗

𝑡𝑗

𝑗

𝑗

(2)

𝛽𝑗 −1

where ℎ(𝑡𝑗 |𝛼𝑗 , 𝛽𝑗 , 𝒙 = 𝟎) = 𝛼 (𝛼 )

is the baseline hazard function of the Weibull distribution of

transition time 𝑇𝑗 , 𝑗 = 1,2, whereas 𝜸 ∈ ℝ𝑝 is the vector of parameters that tune the effects of the selected
covariates on both the transition times. In this respect, we assume that the effect of the covariates on the
two transition times is the same (i.e., the same vector of coefficients 𝜸 is used for both transition times), as
this allows reducing the number of parameters to be estimated. In fact, it is always possible to use two
different sets of covariates for the two transition times. However, this would require estimating the
corresponding vectors of tuning parameters. This can be done when the number 𝑛 of observations is large
enough and the number 𝑝 of covariates is sufficiently small.
From Eqs. (2), it clearly appears that the hazard function of each transition time is proportional to the
corresponding baseline hazard function, being the multiplicative factor, 𝑒 𝒙𝜸, time-independent (i.e.
parameters 𝜸 and covariates 𝒙 do not depend on time). Under this hypothesis, usually referred to as ‘PH
assumption’, it can be proved that the Weibull baseline hazard model yields a modified WRM (e.g., [24]):
𝑇1 |𝛼1 , 𝛽1 , 𝜸, 𝒙
{

~𝑖𝑛𝑑𝑒𝑝. 𝑊𝑒𝑖𝑏𝑢𝑙𝑙 (

𝑇2 |𝛼2 , 𝛽2 , 𝜸, 𝒙 ~𝑖𝑛𝑑𝑒𝑝. 𝑊𝑒𝑖𝑏𝑢𝑙𝑙 (

𝛼1
, 𝛽1 )
(𝒙𝜸
𝑒 ⁄𝛽1 )
𝛼2

𝑒 (𝒙𝜸⁄𝛽2

(3)

, 𝛽2 )
)

Notice also that the underlying assumption in model (3) is that 𝑇2 |𝛼2 , 𝛽2 , 𝜸, 𝒙 is independent on
𝑇1 |𝛼1 , 𝛽1 , 𝜸, 𝒙. That is, the second transition time is not influenced by the first one; rather, it is influenced by
the sojourn time in state 2.
Finally, vectors 𝒙1 , … , 𝒙𝑛 are arranged to form the rows of matrix 𝑿.

3.1 Prior elicitation
To complete the Bayesian model, prior distributions have to be assigned to the 4+𝑝 parameters
(𝛼1 , 𝛽1 , 𝛼2 , 𝛽2 , 𝜸) appearing in Eq. (3). We assume that some prior information is available about neither the
4

effect of the covariates, nor their relative importance in influencing the transition times. This situation can
be accommodated by assigning to the 𝑝 coefficients 𝜸 a non-informative diffuse normal prior distribution,
also referred to as ridge prior, with mean 𝟎 and large variance matrix:

𝜋(𝜸) = 𝑁𝑝 (𝟎, 𝜎 2 𝐼𝑝 )

(4)

where 𝑁𝑝 denotes a 𝑝-variate normal distribution, 𝐼𝑝 is the identity matrix of size 𝑝 (i.e., the number of
selected covariates), and 𝜎 2 is the variance value, which must be large enough to allow the coefficients of
proportionality 𝜸 in the WRM to vary in a wide range.
We assume, however, that some prior information is available about parameters (𝛼1 , 𝛽1 , 𝛼2 , 𝛽2 ). In this
respect, this work builds on the results of [21], in which the procedure proposed in [25] was used to elicit
information from an expert about the two baseline transition times 𝑇1 |(𝒙 = 𝟎) and 𝑇2 |(𝒙 = 𝟎), and derive
the corresponding prior distributions. The procedure shown in [21] is not reported in this paper, which
directly uses its outcomes. See also [26].
Finally notice also that the assumption that the prior distributions are elicited with reference to the baseline
setting does not undermine the generality of the proposed methodology. In fact, if an expert feels
comfortable to give opinions under a certain set of conditions 𝒙 = 𝒛 = (𝑧1 , 𝑧2 , … , 𝑧𝑝 ) different from 𝒙 = 𝟎,
then a simple transformation of matrix 𝑿 can be done to avoid complexity in the elicitation procedure. For
example, assume that the typical range of the first covariate is [15, 25]; then, the expert is expected to
provide more reliable estimates under the condition 𝑧1 = 20, rather than under 𝑧1 = 0. In such cases, to
avoid that also parameter 𝛾1 appears in the elicitation of the prior distribution for parameters (𝛼1 , 𝛽1 , 𝛼2 , 𝛽2 ),
we can apply the transformation 𝑥𝑛1 ← 𝑥𝑛1 − 𝑧1 , ∀𝑛 = 1, … , 𝑁.

4 Variable selection
In general, the selection of the most influencing covariates can have a considerable impact on the
effectiveness of the resulting degradation model, since irrelevant and noisy covariates tend to unnecessarily
increase the complexity of the model and, thus, degrade modeling performance. The larger the number of
covariates, the larger is the number of parameters in the WRM model and, thus, the larger is the amount of
data required to tune the model. Then, variable selection is strongly beneficial for analyses based on a small
amount of data.
The objective of variable selection is to pick from the whole set of Φ available covariates, the subset of those
𝑝 that allows obtaining the WRM model providing the best performance.
Generally speaking, methods to select relevant variables from a large set of alternatives, can be divided in
filtering and wrapper methods ([27], [28]). The former select the alternatives independently from the model
used for the prediction (WRM, in this case), whereas the latter look at the improvement in the predictive
performance achieved on the available data when combinations of covariates are encoded in the prediction
model.
In this Section, we apply an approach to variable selection, which is made up of two steps: a filter method
followed by a wrapper method (Figure 2). Namely, the filter method, which is based on the ordinal logistic
model technique [19], is used to preliminary discard from the Φ variables those which are not relevant for
determining the transition behavior. Then, a wrapper method, based on the maximization of the LPML
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function, is applied on the filtered set of 𝑝̃ covariates to check whether the prediction performance of the
WRM containing a subset of 𝑝 out of the 𝑝̃ filtered covariates can outperform that of the model containing
all the 𝑝̃ filtered covariates.

𝑘=1

𝑘=0

|𝔐0 | = 1

𝑀∈𝔐0

•

𝑘

... 𝑘 = Φ + 1

Φ+1

... |𝔐𝑘 | = ( 𝑘 ) ... |𝔐Φ+1 | = 1

|𝔐1 | = Φ + 1

𝑀0∗ ∶= arg max 𝜓(𝑀)

...

𝑀1∗ ∶= arg max 𝜓(𝑀)

...

𝑀∈𝔐1

𝑀𝑘∗ ∶= arg max 𝜓(𝑀)
𝑀∈𝔐𝑘

...

∗
𝑀Φ+1
∶= arg max 𝜓(𝑀)
𝑀∈𝔐Φ+1

Find the minimum value 𝑘 ∈ {0, … , Φ + 1} such that:
𝜓(𝑀𝑘∗ +𝑖 ) − 𝜓(𝑀𝑘∗+𝑖−1 ) ≈ 0 ∀𝑖 = 1, … , Φ + 1 − 𝑘

•

Select only the 𝑝̃ covariates (except 𝑟) included in at least one of the
models 𝑀1∗ , … , 𝑀𝑘∗

PH model 2𝑝̃

PH model 1

PH model 2

...

MCMC

MCMC

...

MCMC

LPML

LPML

...

LPML

Select the PH model with the largest LPML

Prediction of the time dependent state probabilities + uncertainty

Figure 2. The variable selection procedure, divided in filter and wrapper methods.

Although the two-step approach is often adopted in condition monitoring applications for selecting the
features of condition monitoring signals most relevant to classify the system health conditions, we recognize
that the proposed method lacks a firm theoretical justification. Future research work will focus on
strengthening the theoretical justifications of the approaches used in this study, whose main objective is,
indeed, to report on the outcomes of a real industrial application, where the selection of the techniques has
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also been motivated by diverse factors (e.g., computational time, familiarity of the experts with the
techniques, etc.). Yet, the research work will also appraise the robustness of the proposed methodology.
It is worth noticing that the filter approach works within the frequentist probabilistic framework, whereas
the wrapper approach and the final degradation model are built under the Bayesian one. In this respect, the
use of the frequentist analysis to perform filtering selection does not entail a loss in prior information about
the effect of the covariates, as we are assuming that no valuable expert information is available about them.

4.1 Filter method: ordinal logistic regression
Ordinal logistic regression is used to predict the realization of an ordinal variable, i.e. a categorical random
variable with multiple ordered outcomes, on the basis of a set of covariates. In our case, the ordinal variable
to be predicted is the degradation state 𝑑 = {1,2,3}, whereas the Φ covariates 𝒙′ are all used as explanatory
variables, together with the replacement time 𝑟. This way, we are using a total of Φ + 1 covariates in this
regression model. We define the cumulative logits as [19]:
Φ

𝑃(𝑑𝑛 ≤ 𝑙|𝑟𝑛 , 𝒙′ 𝑛 , 𝜔𝑙 , 𝜻)
logit[𝑃(𝑑𝑛 ≤ 𝑙|𝑟𝑛 , 𝒙 𝑛 , 𝜔𝑙 , 𝜻)] = log (
) = 𝜔𝑙 + 𝜁0 𝑟𝑛 + ∑ 𝜁𝑗 𝑥𝑛𝑗 , 𝑙 = 1,2
1 − 𝑃(𝑑𝑛 ≤ 𝑙|𝑟𝑛 , 𝒙′ 𝑛 , 𝜔𝑙 , 𝜻)
(5)
′

𝑗=1

𝑃(𝑑𝑛 ≤ 3|𝑟𝑛, 𝒙′𝑛 ) = 1

{

where we have assumed that the vector of coefficients 𝜻 = (𝜁0 , … , 𝜁Φ ) is independent of 𝑙, i.e. that the
impact of the covariates on the two (i.e., 𝑙 = 1,2 ) logits is the same. This is coherent with the assumption of
considering the same vector 𝜸′ to tune the effect of the covariates on the two transition times (Eq. 2).
According to [19], the contribution of the 𝑛𝑡ℎ observation to the likelihood function ℒ =
∏𝑁
𝑛=1 ℒ(𝑑𝑛 |𝑟𝑛, 𝒙′𝑛 , 𝜔1 , 𝜔2 , 𝜻) associated to the model defined by Eq. (5) is:
−

if 𝑑𝑛 = 1: ℒ(𝑑𝑛 = 1|𝑟𝑛, 𝒙′𝑛 , 𝜔1 , 𝜻) = 𝑃(𝑑𝑛 = 1|𝑟𝑛, 𝒙′𝑛 , 𝜔1 , 𝜻)

−

if 𝑑𝑛 = 2: ℒ(𝑑𝑛 = 2|𝑟𝑛, 𝒙′𝑛 , 𝜔1 , 𝜔2 , 𝜻) = 𝑃(𝑑𝑛 ≤ 2|𝑟𝑛, 𝒙′𝑛 , 𝜔2 , 𝜻) − 𝑃(𝑑𝑛 = 1|𝑟𝑛, 𝒙′𝑛 , 𝜔1 , 𝜻)

−

if 𝑑𝑛 = 3: ℒ(𝑑𝑛 = 3|𝑟𝑛, 𝒙′𝑛 , 𝜔2 , 𝜻) = 1 − 𝑃(𝑑𝑛 ≤ 2|𝑟𝑛, 𝒙′𝑛 , 𝜔2 , 𝜻)
where:

𝑃(𝑑𝑛 = 1|𝑟𝑛, 𝒙′𝑛 , 𝜔1 , 𝜻) =
𝑃(𝑑𝑛 ≤ 2|𝑟𝑛, 𝒙′𝑛 , 𝜔2 , 𝜻) =

exp(𝜔1 +𝜁0 𝑟𝑛 +∑Φ
𝑗=1 𝜁𝑗 𝑥′𝑛𝑗 )
1+exp(𝜔1 +𝜁0 𝑟𝑛 +∑Φ
𝑗=1 𝜁𝑗 𝑥′𝑛𝑗 )
exp(𝜔2 +𝜁0 𝑟𝑛 +∑Φ
𝑗=1 𝜁𝑗 𝑥′𝑛𝑗 )
1+exp(𝜔2 +𝜁0 𝑟𝑛 +∑Φ
𝑗=1 𝜁𝑗 𝑥′𝑛𝑗 )

To check the goodness of fit of a logistic model, in this work we resort to the pseudo-𝑅 2 measure proposed
in [29]:

2
𝜓 ∶= 𝑅𝐶𝑈
=

ℒ 2⁄𝑁
1 − ( ℒ0 )

(6)

)2⁄𝑁

1 − (ℒ0
where ℒ0 is the likelihood of the ordinal logistic model without covariates.
This measure can also be used to drive variable selection in the case where the number of covariates is
relatively small (e.g., Φ ≤ 10). In details, we first define the set 𝔐 of all the 2Φ+1 possible ordinal logistic
models 𝑀, each one characterized by a different combination of covariates. Then, 𝔐 is partitioned into the
Φ + 2 subsets 𝔐𝑘 = {ordinal logistic models 𝑀 including exactly 𝑘 covariates}, 𝑘 = 0, … , Φ + 1.
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Finally, for each 𝑘 = 0, … , Φ + 1, we perform the ordinal logistic regression for all the models 𝑀 ∈ 𝔐𝑘 and
identify the model 𝑀𝑘∗ ∶= arg max 𝜓(𝑀) that best fits the data among those in 𝔐𝑘 , and take the
𝑀∈𝔐𝑘

corresponding

2
pseudo-𝑅𝐶𝑈

value 𝜓𝑘∗ ∶= 𝜓(𝑀𝑘∗ ).

On this basis, to select the most influential variables, we look at the improvement in the fitting performance
(summarized by 𝜓) brought by an increment in the number of variables encoded by the regression model.
That is, we identify the minimum value 𝑘 ∈ {0, … , Φ + 1} such that the differences 𝜓𝑘∗ +𝑖 − 𝜓𝑘∗ +𝑖−1 , 𝑖 =
1, … , Φ + 1 − 𝑘 give all negligible values. The number 𝑘 of most explanatory variables of the logistic model
is expected to contain the replacement time 𝑟, which will not be used as a covariate in the WRM, but as the
independent variable. For this, we consider that 𝑘 = 𝑝̃ + 1, where 𝑝̃ is the number of covariates selected
from Φ, whereas 1 is added to take into account time. In this condition, we could select the covariates
appearing in the model 𝑀𝑘∗ , being confident on that there is no way of sensibly improving the fitting
performance by including additional covariates in the regression model. However, to be conservative, we
select the covariates appearing in at least one of the models with covariate number 𝑀𝑘∗ , 𝑘 = 1, … , 𝑘.
When the number of covariates is larger than 10, classical greedy procedures as stepwise regression can be
used to perform variable selection [30]. These will be investigated in future works.

4.2 Wrapper method
The LPML criterion [20] is used to check whether the 𝑝̃ filtered covariates are all relevant in predicting the
transition times. This is a leave-one-out cross-validation measure of the performance of the posterior
predictions obtained from a Bayesian model. By adopting this approach, the search for the best model among
the 2𝑝̃ WRMs characterized by the different possible combinations of the filtered covariates, requires: i) to
sample from the posterior distribution arising from each WRM, ii) to compute the corresponding LPML value
and, finally, iii) to identify the model with the larger LPML value (Figure 2).
For generality, the methodology to derive and sample from the posterior distribution is shown in the
̃ ), including a number 𝑝 = 𝑝̃ of filtered covariates and
̃ |𝒓, 𝒅, 𝑿
following with respect to the WRM 𝜋(𝜽, 𝜸
̃ (Section 3.1). On this basis, we define and calculate the corresponding LPML
relative tuning parameters 𝜸
̃
value, being 𝑿 the matrix with rows 𝒙̃𝑛 = (𝑥𝑛1 , … , 𝑥𝑛𝑝̃ ). This procedure can be applied similarly to compute
the LPML of all the remaining 2𝑝̃ − 1 WR submodels.

4.2.1 Posterior distribution and sampling
̃ ) of the WRM containing the subsets of the
̃ |𝒓, 𝒅, 𝑿
In this Section, we derive the posterior distribution 𝜋(𝜽, 𝜸
𝑝̃ filtered covariates. Then, to sample from it, we resort to the Normal Random Walk Metropolis-Hastings (NRWMH) algorithm, combined with its adaptive version proposed in [31].
For brevity, we group the four baseline parameters in a single vector 𝜽 ∶= (𝛼1 , 𝛽1 , 𝛼2 , 𝛽2 ) ∈ Θ,
̃𝑛 |𝜽, 𝜸
̃)
Θ ∶= (ℝ+ )𝑤 , 𝑤 = 4. Then, under the assumptions mentioned in Section 2, the contribution 𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙
𝑡ℎ
of the 𝑛 observation to the likelihood function reads:
𝑁

̃ |𝜽, 𝜸
̃) = ∏ 𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙
̃𝑛 |𝜽, 𝜸
̃)
𝐿(𝒓, 𝒅, 𝑿
𝑛=1

which is such that:
•

̃𝑛 |𝜽, 𝜸
̃ ) is the probability of the event {𝑇1𝑛 > 𝑟𝑛 |𝜽, 𝜸
̃, 𝒙
̃𝑛 }:
if 𝑑𝑛 = 1, then 𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙
8

(7)

̃) = 1 − 𝐹𝑇1 (𝑟𝑛 |𝛼1 , 𝛽1 , 𝜸
̃, ̃
𝐿(𝑟𝑛 , 𝑑𝑛 = 1, ̃
𝒙𝑛 |𝜽, 𝜸
𝒙𝑛 )

(8)

̃, 𝒙
̃𝑛 .
where 𝐹𝑇1 is the Cumulative Distribution Function (CDF) of the random variable 𝑇1 | 𝛼1 , 𝛽1 , 𝜸
Notice also that for this type of outcome, no useful information can be deduced about the realization
of 𝑇2 .
•

̃𝑛 |𝜽, 𝜸
̃) is the probability of the event {𝑇1𝑛 ≤ 𝑟𝑛 𝑎𝑛𝑑 𝑇1𝑛 + 𝑇2𝑛 > 𝑟𝑛 |𝜽, 𝜸
̃, 𝒙
̃𝑛 }:
If 𝑑𝑛 = 2, 𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙
𝑟𝑛

̃𝑛 |𝜽, 𝜸
̃) = ∫ [1 − 𝐹𝑇2 (𝑟𝑛 − 𝜏|𝛼2 , 𝛽2 , 𝜸
̃, 𝒙
̃𝑛 )]𝑓𝑇1 (𝜏|𝛼1 , 𝛽1 , 𝜸
̃, 𝒙
̃𝑛 )𝑑𝜏
𝐿(𝑟𝑛 , 𝑑𝑛 = 2, 𝒙

(9)

0

̃, 𝒙
̃𝑛 whereas 𝐹𝑇2 is the CDF of 𝑇2 | 𝛼2 , 𝛽2 , 𝜸
̃, 𝒙
̃𝑛 .
where 𝑓𝑇1 is the PDF of 𝑇1 | 𝛼1 , 𝛽1 , 𝜸
•

̃𝑛 |𝜽, 𝜸
̃) is the probability of the event {𝑇1𝑛 + 𝑇2𝑛 ≤ 𝑟𝑛 |𝜽, 𝜸
̃, 𝒙
̃𝑛 }:
If 𝑑𝑛 = 3, 𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙
𝑟𝑛

̃𝑛 |𝜽, 𝜸
̃) = ∫ 𝐹𝑇2 (𝑟𝑛 − 𝜏|𝛼2 , 𝛽2 , 𝜸
̃, 𝒙
̃𝑛 )𝑓𝑇1 (𝜏|𝛼1 , 𝛽1 , 𝜸
̃, 𝒙
̃𝑛 )𝑑𝜏
𝐿(𝑟𝑛 , 𝑑𝑛 = 3, 𝒙

(10)

0

The application of the Bayes theorem yields the following posterior distribution:
𝑁

̃ ) ∝ ∏ 𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙
̃|𝒓, 𝒅, 𝑿
̃𝑛 |𝜽, 𝜸
̃) 𝜋(𝜽)𝜋(𝜸
̃)
𝜋(𝜽, 𝜸

(11)

𝑛=1

̃ with the
Notice that the integral in Eq. (9) is the convolution of a Weibull PDF with parameters 𝛼1 , 𝛽1 , 𝜸
(10)
̃. Similarly, Eq.
complementary CDF of a Weibull distribution with parameters 𝛼2 , 𝛽2 , 𝜸
is the convolution
of the same PDF with the CDF of the second transition time. The results of these integrals are not available
in closed form, whereby we have to numerically compute them at each iteration of the MCMC algorithm.
A Normal Random Walk Metropolis Hastings (N-RWMH) algorithm [32] is used to obtain samples from the
̃ ). The algorithm efficiency heavily depends on the choice of the
̃|𝒓, 𝒅, 𝑿
posterior distribution 𝜋(𝜽, 𝜸
covariance matrix Σ ∈ ℝ(𝑤+𝑝̃)×(𝑤+𝑝̃) of the normal proposal density 𝑞. For this reason, we dedicate a certain
number 𝑆 of initial iterations in the execution of an adaptive version of the algorithm ([31], [33]) that allows
automatically tuning the covariance matrix entries. In particular, 𝑆 must be large enough to allow the
adaptive algorithm to tune the entries of the covariance matrix Σ of the normal proposal density on a range
of values that possibly renders efficient the N-RWMH algorithm.
In details, the following algorithm, comprehensive of the preliminary adaptive run, is executed:
̃(0) ) ∈ Θ × Γ, initialize 𝜼(0) = 𝟎 ∈ ℝ𝑤+𝑝̃ and a (symmetric positive definite)
• initialize (𝜽(0) , 𝜸
•

covariance matrix Σ(0) ∈ ℝ(𝑤+𝑝̃)×(𝑤+𝑝̃)
for 𝑔 = 1, … , 𝑆 + 𝐺
̃ ∗ ) from 𝑞(⋅ ; (𝜽(𝑔−1) , 𝜸
̃(𝑔−1) ), 𝜆Σ(𝑔−1) )
1. sample a candidate new state (𝜽∗ , 𝜸
̃)
̃∗ |𝒓,𝒅,𝑿
𝜋(𝜽∗ ,𝜸

2. set 𝜑 = 𝜋(𝜽(𝑔−1) ,𝜸̃(𝑔−1) |𝒓,𝒅,𝑿̃

)

3. set 𝜉 = min (1, 𝜑)
4. sample 𝑈 ∼ 𝑈𝑛𝑖𝑓(0,1)
5. if 𝑈 ≤ 𝜉
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̃(𝑔) ) = (𝜽∗ , 𝜸
̃∗ )
set (𝜽(𝑔) , 𝜸
else
̃ (𝑔) ) = (𝜽(𝑔−1) , 𝜸
̃ (𝑔−1) )
set (𝜽(𝑔) , 𝜸
end if
6. if 𝑔 ≤ 𝑆
̃(𝑔) ) − 𝜼(𝑔−1) )
update 𝜼(𝑔) = 𝜼(𝑔−1) + 𝜀 (𝑔) ((𝜽(𝑔) , 𝜸
update
𝑇

̃(𝑔) ) − 𝜼(𝑔−1) ) ((𝜽(𝑔) , 𝜸
̃(𝑔) ) − 𝜼(𝑔−1) ) − Σ(𝑔−1) ]
Σ(𝑔) = Σ(𝑔−1) + 𝜀 (𝑔) [((𝜽(𝑔) , 𝜸
else
set Σ (𝑔) = Σ(𝑔−1)
end if
end for
where 𝜆 =

(2.38)2
𝑤+𝑝̃

1

, {𝜀 (𝑔) = 𝑔𝛿 }

𝑔=1,…,𝑆

, 𝛿 ∈ ((1 + 𝜆)−1 , 1].

At the end of the algorithm, we discard the first 𝑆 iterations and relabel the remaining MCMC samples:
̃(𝑔) ) ← (𝜽(𝑔+𝑆) , 𝜸
̃(𝑔+𝑆) ) 𝑔 = 1, … , 𝐺.
(𝜽(𝑔) , 𝜸

4.2.2 LPML
The LPML of the WRM including the 𝑝̃ filtered covariates is defined as:
𝑁

(12)

𝐿𝑃𝑀𝐿 = ∑ log (𝐶𝑃𝑂𝑛 )
𝑛=1

where 𝐶𝑃𝑂𝑛 is the Conditional Predictive Ordinate for the 𝑛𝑡ℎ observation:

̃) , 𝒙
̃ ) ) 𝑑𝜽𝒅𝜸
̃ ) = ∫ 𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙
̃𝑛 |𝜽, 𝜸
̃) 𝜋 (𝜽, 𝜸
̃|(𝒓, 𝒅, 𝑿
̃
𝐶𝑃𝑂𝑛 ∶= 𝑃 (𝑟𝑛 , 𝑑𝑛 |(𝒓, 𝒅, 𝑿
−𝑛 𝑛
−𝑛

(13)

Θ×Γ

̃ are the columns of 𝑿 corresponding to the pre-selected 𝑝̃ covariates, 𝜸
̃ the corresponding tuning
where 𝑿
𝑡ℎ
̃ ) the available dataset with the 𝑛 observation removed. We can notice that 𝐶𝑃𝑂𝑛
parameter and (𝒓, 𝒅, 𝑿
−𝑛
is the expected probability, based on all the dataset except the 𝑛𝑡ℎ record, that the 𝑛𝑡ℎ component is in state
𝑑𝑛 after a working time equal to 𝑟𝑛 . In this sense, LPML is a leave-one-out-cross validation measure of the
prediction performance of the model. Certainly, the larger the CPO, the better the predictive performance
of the WRM, which is encoded in the likelihood function.
Notice also from Eqs. (12 − 13) that the calculation of LPML requires, in theory, to sample from the posterior
̃ ) ) ∀𝑛 = 1, … , 𝑁. This is computationally expensive also for small sample sizes
̃|(𝒓, 𝒅, 𝑿
distribution 𝜋 (𝜽, 𝜸
−𝑛
𝑁. However, the following identity can be proved (e.g., [34]):
−1

̃)
̃|𝒓, 𝒅, 𝑿
𝜋(𝜽, 𝜸
̃)
𝐶𝑃𝑂𝑛 = ( ∫
𝑑𝜽𝒅𝜸
̃𝑛 |𝜽, 𝜸
̃)
𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙
Θ×Γ

10

𝑛 = 1, … , 𝑁

(14)

̃ ). For this, a
̃|𝒓, 𝒅, 𝑿
where each CPO can be derived starting from a unique posterior distribution, i.e. 𝜋(𝜽, 𝜸
̃(𝑔) )𝑔=1,…,𝐺 from the posterior
MCMC estimate of each CPO can be obtained by exploiting the samples (𝜽(𝑔) , 𝜸
̃ ):
̃|𝒓, 𝒅, 𝑿
distribution 𝜋(𝜽, 𝜸
−1

𝐺

1
1
̂𝑛 = ( ∑
𝐶𝑃𝑂
)
𝐺
̃𝑛 |𝜽(𝑔) , 𝜸
̃(𝑔) )
𝐿(𝑟𝑛 , 𝑑𝑛 , 𝒙

𝑛 = 1, … , 𝑁

(15)

𝑔=1

Consequently, the estimate for the LPML is:
𝑁

̂𝑛 )
̂ = ∑ log (𝐶𝑃𝑂
𝐿𝑃𝑀𝐿

(16)

𝑛=1

From Eqs. (12 − 13), it clearly emerges that the larger is the LPML value, the better is the WRM from the
prediction capability perspective. Therefore, we can select the WRM with 𝑝 ≤ 𝑝̃ covariates having the largest
LPML as the best candidate to make posterior predictions for the time-dependent state probabilities of a
new component with a generic vector of selected covariates 𝒙.
Notice also that the proposed procedure actually requires 𝑝̃ to be quite small (i.e., 𝑝̃ ≤ 4), in order to avoid
computational burden. Other possible approaches, which may be less computationally demanding than
LPML, are the Stochastic Search Variable Selection ([35]), spike and slab priors ([36]), Bayesian LASSO ([37]).
These will be investigated in future research work.
̃ ⊆ 𝑿′ has been selected, the MCMC sample {𝜽(𝑔) , 𝜸(𝑔) }
Once the best subset of covariates 𝑿 ⊆ 𝑿
𝑔=1,…,𝐺
from its corresponding posterior distribution 𝜋(𝜽, 𝜸|𝒓, 𝒅, 𝑿) can be exploited to estimate the probabilities of
occupying the three degradation states over time for a new component which has a generic vector 𝒙 of
covariates (see Appendix 8.2).
Notice that we used the harmonic mean estimator in Eq. (15) because of its simplicity, which is the main
advantage of this method over other more specialized techniques [41].

5 Case study
As in [21], we consider the gradual degradation of EPDM diaphragms used in the production line of a
pharmaceutical company as sealing elements of flow control valves that have to maintain the integrity of the
hermetically sealed environments within production bioreactors. Severe degradation states of EPDM
diaphragms may result in undesired contaminations leading to a complete loss of recent production.
Differently from [21], we now consider the effect of the harsh environmental conditions in which these
components operate on the degradation behaviour.
According to expert judgements, the degradation of EPDM diaphragms can be modeled using a three-state
model, where each state corresponds to a different level of damage:
•
•
•

state 1 – the component shows mild discolouration, melting and weir markings
state 2 – the component shows signs of more severe melting, material flow, and surface creasing
state 3 – the component shows melting, material flow, and material creasing is evident. This is a
failure state, as it can result in undesired contaminations leading to a complete loss of recent
production.
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Notice that the expert assignments of a degraded condition to its state may suffer from imprecision and
subjectiveness. Future works will investigate the development of other methods, which take into account
that the observed levels of damage are clearly imprecise. For this, we will investigate the possibility of
building on the methodology developed in [38] or in [39], within the fuzzy logic framework.
A dataset containing information about N=109 diaphragms employed in the past is available. Initially, we
have Φ=11 covariates (Table 1), concerning the use of some physical and chemical agents that come into
contact with EPDM diaphragms during the production (e.g. high temperature saturated steam, cleaning
agents, chemical detergents, sparge gases and multiple product media). 73 components out of N have been
retired from service when they were in state 1, 32 in state 2, and 4 in state 3. The detection of a component
in the third degradation state is quite rare, since this corresponds to a failure.
The generic entry 𝑥𝑛𝑗 of the covariates matrix 𝑿 is the rate of exposure of the 𝑛𝑡ℎ diaphragm to the 𝑗 𝑡ℎ agent
in the time interval between installation (time zero) and replacement (time 𝑟𝑛 ), 𝑗 = 1, … , 𝑝. Each covariate is
normalized to range in the interval [0,1]. The exposure to each agent is assumed constant during the whole
lifetime of the diaphragms, so that we can assume that the covariates are time-independent.
Notice that the identification of the degradation state of the EPDM diaphragms requires to perform a
destructive test on the component. This explains why it has not been possible to carry out more than one
inspection per diaphragm.
# Diaphragm
1
2
…
109

Replacement
Time (𝒓)
16.4
26.7
…
173

Degradation
State (𝒅)
1
1
…
2

𝑋1
0.89
0.05
…
0.09

Covariates Matrix (𝑿)
…
…
…
…
…

𝑋11
0
1
…
0.78

Table 1. The available dataset

Notice that in the biopharmaceutical industry there exist a variety of industry specific complications
explaining the independence between maintenance interventions and component degradation state, which
are not rare in other industrial fields (e.g., [23]). Firstly, there is no known way to provide a quantitative
assessment of the degradation state of the components in-situ: although some recommendations from the
Original Equipment Manufacturer (OEM) are available, these are derived from accelerated lifetime testing
under covariate settings whose matching with the real ones is doubtful, being the covariates not continuously
monitored. Thus, the only information available to infer the degradation behaviour is that exploited in this
work (degradation state and corresponding inspection time and covariate values). Given the lack of
knowledge on the degradation process and the rigorous regulatory nature of the biopharmaceutical industry
(e.g., all elements of the production process must be cleaned and hermetically sealed), companies adopt
strict risk-averse maintenance policies.
Secondly, the production process operates on a 24 hour 365 day basis; then, performing diaphragm
inspections would require to shutdown the system. Due to the strict regulations of the biopharmaceutical
industry, re-starting the production process after shutdown takes approximately 30 days. This tells us that
shutdown could result in millions of Euro in lost revenue and, then, a maintenance strategy based on periodic
inspections is not viable, as these cannot be performed when the production lines are producing a lot of
medicines. On the contrary, maintenance must be performed in an opportunistic approach, the maintenance
opportunities to gain access to the diaphragms being upon a programmed system shutdown. In turn, there
is no financial or safety advantage from inspecting a diaphragm as opposed to replacing it, the completion of
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these actions requiring the same amount of plant shutdown time. This issue is further highlighted considering
the ratio comparing the cost of replacing a diaphragm to the cost of lost production due to a failed diaphragm
is approximately 1:80000.
The procedure described in Section 4 is applied to select the most influencing covariates. This has taken
almost seven minutes on a 4GB RAM, 2.27 GHz personal computer. Figure 3 shows that models with more
than 3 covariates, in addition to the time (i.e., the baseline regression variable, see Eq. (5)), achieve negligible
gains in comparison to the best model with the 4 variables (𝑟, 𝑋1 , 𝑋 2 , 𝑋 3 ). To be conservative, we select the
first 4 covariates (i.e., 𝑋1 , 𝑋 2 , 𝑋 3 , 𝑋 7 ), as a preliminary set to be confirmed by the Bayesian WRM.
Notice that the heuristic rule of looking at the ‘elbow’ of the curve in Figure 3 is a common practice to address
trade off problems such as in clustering analysis, where similarly to our problem, one should choose an
optimal number so that adding another covariate does not give much better modeling of the data ([40][39]).
2
Figure 3. The best models with 𝑘 covariates and their pseudo-𝑅𝐶𝑈

Best logistic model fitting the data
1

r+x1+x2+x3

0.9

r+x3

0.8
0.7

r



0.6
0.5

r+x1+x2+x3+x7

0.4

r+x3+x7

0.3
0.2
0.1
0

0

2

4

6

8

10

12

k

To develop the Bayesian three-state model of the degradation process, the prior distributions of parameters
(𝛼1 , 𝛽1 , 𝛼2 , 𝛽2 ) have been elicited from an expert using a questionnaire. The expert was asked to provide a
set of quantiles of both transition times 𝑇1 and 𝑇2 under the condition (𝑥1 , 𝑥2 , 𝑥3 , 𝑥7 ) = 𝟎.
The expert judgements and the outcomes of the prior elicitation procedure can be found in [21]. Here, we
just highlight that these results were obtained forcing the two shape parameters to be not smaller than 1.
Indeed, in this case study, it is reasonable to assume that the hazard function of the transition times between
two consecutive states is a non-decreasing function, because the degradation process of EPDM diaphragms
is characterized by a continuous worsening of the conditions of the component, which leads to an increasing
probability of having a transition into the successive degradation state.
Once the prior distributions have been obtained, we can proceed applying the second variable selection
method, which is based on the LPML. The 𝑝̃=4 covariates pre-selected in the first step give rise to 24 = 16
different models, from which we have to choose the best.
The computation of the LPML for each model is still feasible without an excessive computational effort if the
number of diaphragms in the dataset found in states 2 or 3 is limited, being the numerical approximation of
the likelihood functions of the components found in states 2 or 3 the most computational demanding step in
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the proposed MCMC algorithm. Hence, we sample from the posterior distributions (𝜽, 𝜸|𝒓, 𝒅, 𝑀𝑗 ) 𝑗 =
0, … ,15, by applying the following procedure:
•
•

𝑆 = 100000 iterations of the A-MCMC algorithm are run, with the only aim of tuning the entries of
the proposal distribution covariance matrix Σ.
𝐺 = 400000 iterations of the N-MHRW algorithm are run with the tuned proposal distribution
covariance matrix set to Σ (𝑆).

As described in Section 4, we can exploit the 16 sampled chains to estimate the LPML for each of the models
(Figure 4). The model which includes all the four covariates 𝑋1 , 𝑋 2 , 𝑋 3 , 𝑋 7 has the highest LPML, i.e. it
achieves better cross-validation predictions than the other models. In light of the obtained results, we choose
the model including the four covariates 𝑋1 , 𝑋 2 , 𝑋 3 , 𝑋 7 to make predictions about the time-dependent state
probabilities of new components. The wrapper approach has taken four hours for every model, for a total of
64 hours on the same personal computer (4GB RAM, 2.27GHz).
Notice also that the simpler model including the two covariates 𝑋 3 , 𝑋 7 only shows good cross-validation
predictions, and may be preferred to model 𝑀15 in the case in which the tracking of the covariate values
become expensive.
To provide evidence that implementing the procedure several times yields the same set of selected
covariates, we have performed the following robustness study.
From the 𝑆 = 100000 iterations, we have selected 10 MC chains by applying the thinning procedure ([43]):
the first chain contains samples 1, 11, 21, etc.; the second chain contains sample 2, 12, 22, etc; finally, the
tenth chain contains samples 10, 20, 30, etc. If we re-implement the procedure illustrated above with these
chains, then we get the results summarized in Figure 7: the set of covariates with the largest LMPL remains
always the same. This proves the robustness of the proposed methodology in this case study.
Log Pseudo Marginal Likelihood
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Figure 4. The estimated LPML for the 16 different models, labeled with the numbers of the included covariates

Finally, we can use the selected model with four covariates to make predictions about the time-dependent
state probabilities of a new component with covariate vector (𝑋1 = 𝑥1 , 𝑋 2 = 𝑥2 , 𝑋 3 = 𝑥3 , 𝑋 7 = 𝑥7 ).
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Although the exact exposure rate values 𝑥1 , 𝑥2 , 𝑥3 and 𝑥7 are available only upon replacement, such values
are usually known with good precision at the moment of the component installation, as they depend on the
type of production system where the component is installed into and on the production schedule. Therefore,
the predictions about the time-dependent state probabilities of a new component can be made at
installation. For example, in Figure 8, we can compare the estimates of the time dependent state probabilities
for three different new components, with vectors of covariates (0.1, 0, 0, 0), (0.1, 0, 0, 0.5) and (0.1, 0, 0, 1).
In practice, we are changing the values of 𝑋 7 on its whole range [0,1], while keeping constant the values of
the other three covariates. Figure 6 shows a reduction of the two transition times as 𝑋 7 increases and, thus,
an acceleration of the degradation process.

Figure 7. The LPML estimates for the 16 different models provided by 10 different chains.

The obtained results, and in particular the predicted probability of occupying state 3 (which is the CDF of the
EPDM diaphragms failure time), can be used in support of maintenance decisions. Indeed, they can enter an
optimization model to find the optimal replacement time for each installed EPDM diaphragm, depending on
the values of the exposure rate to physical and chemical agents during the production. On one side, the
optimization model has to give account to the costs of performing preventive maintenance actions, including
the cost of the diaphragm itself, the technical actions, the economic loss due to temporary unavailability of
the system, the possibility of human errors during the repair, etc. On the other side, the optimization model
has to encode the expected cost of failure, as this causes a significant loss of production and a long downtime
of the entire plant for the purification and certification of the system.

6 Conclusions
In this paper, we have proposed a complete procedure for assessing the reliability of industrial equipment
whose degradation process can be described as a three-state semi-Markov model, with transition times
influenced by operational or environmental conditions.
To select the most significant covariates, a two-step procedure has been proposed, which is made up of: i) a
preliminary filter method to discard not significant covariates, which is based on the ordinal logistic
regression; ii) a subsequent wrapper selection which identifies, among the pre-selected covariates, the
subset that achieves the best cross-validated predictions when included in a Bayesian Proportional Hazard
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model. In particular, to perform step ii), a Metropolis-Hastings algorithm combined with numerical
integration methods is developed, which is used to sample from the complex posterior distributions of the
possible candidate models. Then, the model with the largest LPML (i.e. that with the best cross-validation
predictive capability) is selected to make posterior predictions.
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Figure 8. Time dependent state probabilities (solid lines) of the component with covariates (0.1, 0, 0, 0) (6a), with
covariates (0.1, 0, 0, 0.5) (6b) and with covariates (0.1, 0, 0, 1) (6c). The dashed lines are the corresponding (0.05, 0.95)
pointwise credibility bands.

The posterior samples of the selected model allow estimating the time-dependent state probabilities and the
corresponding uncertainty. The obtained results can be used to establish the best replacement times for the
components (depending on the operational and environmental conditions), which minimize the overall
production costs, also in presence of uncertainty.
The proposed procedure is also helpful for a deeper understanding of the degradation mechanisms affecting
the EPDM, as it allows identifying the most relevant influencing factors. In this sense, the method can be
used as a validation tool of pre-existing physical degradation models or can be integrated with them.
Future works will focus on the development of a full Bayesian stochastic variable selection, which allows a
computationally efficient selection of the most influent covariates also in the case a large number of them is
available. Furthermore, the WRM will be extended to consider possible dependencies among the transition
times.
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8 Appendix
Once the G samples (𝜽(1) , 𝜸(1) ), … , (𝜽(G) , 𝜸(G) ) have been obtained from the posterior distribution
𝜋(𝜽, 𝜸|𝒓, 𝒅, 𝑿), we can estimate the following values:
•

The expected probability of occupying state 1 after working time 𝑡 ≥ 0:
𝔼𝜋(𝜽,𝜸|𝒓,𝒅,𝑿) [𝑃(𝑇1 > 𝑡|𝜽, 𝜸, 𝒙)] =
=∫
ℝ+ ×ℝ+ ×Γ

•

(21)

(1 − 𝐹𝑇1 (𝑡|𝛼1 , 𝛽1 , 𝜸, 𝒙)) 𝜋(𝛼1 , 𝛽1 , 𝜸|𝒓, 𝒅, 𝑿)𝑑𝛼1 𝑑𝛽1 𝑑𝜸

The expected probability of occupying state 2 after working time 𝑡 ≥ 0:
𝔼𝜋(𝜽,𝜸|𝒓,𝒅,𝑿) [𝑃(𝑇1 ≤ 𝑡, 𝑇1 + 𝑇2 > 𝑡|𝜽, 𝜸, 𝒙)] =
(22)

𝑡

=∫
Θ×Γ

•

(∫ [1 − 𝐹𝑇2 (𝑡 − 𝜏|𝛼2 , 𝛽2 , 𝜸, 𝒙)]𝑓𝑇1 (𝜏|𝛼1 , 𝛽1 , 𝜸, 𝒙)𝑑𝜏) 𝜋(𝜽, 𝜸|𝒓, 𝒅, 𝑿)𝑑𝜽𝑑𝜸
0

The expected probability of occupying state 3 after working time 𝑡 ≥ 0:
𝔼𝜋(𝜽,𝜸|𝒓,𝒅,𝑿) [𝑃(𝑇1 + 𝑇2 < 𝑡|𝜽, 𝜸, 𝒙)] =
(23)

𝑡

=∫
Θ×Γ

(∫ 𝐹𝑇2 (𝑡 − 𝜏|𝛼2 , 𝛽2 , 𝜸, 𝒙)𝑓𝑇1 (𝜏|𝛼1 , 𝛽1 , 𝜸, 𝒙)𝑑𝜏) 𝜋(𝜽, 𝜸|𝒓, 𝒅, 𝑿)𝑑𝜽𝑑𝜸
0

Moreover, we are also interested in estimating a (0.05, 0.95) pointwise credibility band for each of the three
probabilities, which describes the uncertainty on the estimated probability value. To do this, we first define
a proper time grid {𝑡𝑗 }𝑗=1,…,𝐽 at which the quantities in Eqs. (22 − 24) are calculated, 0 = 𝑡1 < 𝑡2 < ⋯ < 𝑡𝐽 .
Then, we exploit the MCMC samples to make inference about the probability of occupying the states ([42]).
For example, with reference to degradation state 1, we create the matrix
(𝑔)

(𝑔)

[{1 − 𝐹𝑇1 (𝑡𝑗 |𝛼1 , 𝛽1 , 𝜸(𝑔) , 𝒙)} ] ,
𝑔𝑗

𝑔 = 1, … , 𝐺 ,

𝑗 = 1, … , 𝐽

whose 𝑔𝑡ℎ row contains the 𝐽 values of the Complementary CDF of the random variable 𝑇1 |{𝜽 = 𝜽(𝑔) , 𝜸 =
𝜸(𝑔) } evaluated on the time grid {𝑡𝑗 }𝑗=1,…,𝐽 . Unbiased estimates of the expected values (over time) in Eq.
(22) are given by the averages of the values in every matrix column, whereas the (0.05, 0.95) pointwise
credibility band for the probability of occupying degradation state 1 is defined by the quantiles of order 0.05
and 0.95 of the columns.
Similarly, the matrices
𝑡

(𝑔)

(𝑔)

(𝑔)

(𝑔)

[{∫ [1 − 𝐹𝑇2 (𝑡𝑗 − 𝜏|𝛼2 , 𝛽2 , 𝜸(𝑔) , 𝒙)] 𝑓𝑇1 (𝜏|𝛼1 , 𝛽1 , 𝜸(𝑔) , 𝒙) 𝑑𝜏 } ] ,
0

𝑔 = 1, … , 𝐺 ,

𝑗 = 1, … , 𝐽

𝑔𝑗

and:
𝑡

(𝑔)

(𝑔)

(𝑔)

(𝑔)

[{∫ 𝐹𝑇2 (𝑡𝑗 − 𝜏|𝛼2 , 𝛽2 , 𝜸(𝑔) , 𝒙)𝑓𝑇1 (𝜏|𝛼1 , 𝛽1 , 𝜸(𝑔) , 𝒙) 𝑑𝜏} ] ,
0

𝑔 = 1, … , 𝐺 ,

𝑗 = 1, … , 𝐽

𝑔𝑗

are used to make inference about the probability of occupying state 2 and 3, respectively, where their entries
have to be computed via numerical integration methods.
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